ANALYSIS 1

QUESTIONS

1. Find the following limits:

3 —8
xr — 2
1—+vV1—22

mf

(a) lim,_3
(b) lim,_

(c) limp, g ———F——

(a) Prove that lim,_,, f(z) = limy_q f(x + h).
(b) Prove that lim, o f(z) = lim,__o f(2?).

(a) Let E be a metric space. Prove that if f: E — R is continuous at
a, then |f| is also continuous at a.

(b) Show also that if f is a polynomial function from R to R then there
is a y € R such that |f(y)| < |f(x)| for all z € R.

4. Let E be the set of all continuous functions f : [0,1] — R. For
f € E define [|f|| = supyepq)|f(z)]. Show that for any number ¢ and
f € E we have |[cf|| = |c|||f]|. Show also that ||f| = 0 iff f = 0 and
that ||f + gl < ||f]| + |lg]| for each f,g € E. Find examples to show that
I1f +gll # 11+ llgll-

5. Let X be a metric space and let (x,) be sequence in X converging to
x € X. Show that K := {z,, : n € N} U {x} is compact.

6. Find the sum of the first n + 1 terms of the series
1422+ 322 +423 + ..+ (n+1Da™ + ...

1
and show that if |z| < 1 the series converges to a—ae
—x
7. Show that (xy)n>1 is a convergent sequence of real numbers with limit
a then so is

(%1 +xo+ 23+ ... —l—l’n)
n n>1
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