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Math 111 Problems
(Ali Nesin)

Define

(a) = Cy (x is a subset of y),

(b) @ C y (= is a proper subset of y).

Show that () is a subset of every set.

Show that every element of () is equal toy/2.

Show that every element of ) is equal to empty set.

Let A be a set. Show that {a € A:a ¢ a} ¢ A.
Show that if X C () then X = 0.

. We know that if X is nonempty, then the intersection of all elements of X is a set.

What happens if X = ?

. Consider Yy(Vz(z ¢ x A z ¢ y) = x = y). For what z’s does this hold?

Call X C R? open if and only if V(z,y) € X3¢ > 0B(z,¢) C X.Show that intersection
of finitely many open subsets of R? is open.

Call a set P-set if it has property P. Assume that the intersection of P-sets is a P-set.
For A C X define

A= () Y whereallY’s are P-sets. Compare AN B and AN B.
ACYCX

Call a subset of X C R closed if for any © € R\X there is an ¢ > 0 such that
(x—e,x4+e)NX =0.

(a) Show that [0, 1] is closed.

(b) Show that [0,1) is not closed.

(
(

)
)

) Show that the intersection of closed sets is closed.
d) Find the closure of {+:n=1,2,3,...}.
)

)
)
)

C

(e) Find the closure of N and [0, 1].

(f) Find the closure of (0, 1).

(g) Find the closure of Q.

(h) Find the closure of {5 : a,n € Z}.

Show that the union of finitely many closed sets is closed. But the union of closed sets
is not always closed.

Show that X is closed if R\X is open.
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Let us call a subset X of w X w X w nice if

i)(z,0,2) € X

ii)(z,y,2) € X = (z,5y,52) € X forall z,y,z € w.
Show that

(a) w X w X w is a nice set,
(b) intersection of all nice sets A is the smallest nice set,

(¢) Ais a function from w X w to w.

Show that the multiplication is a function from w X w to w.

Let A be a set and n be an integer. Define A" = {f : n — A}.

(a) Show that B = [J A" is a set.
neN

n

(b) Show that there is a function ) from B to w such that > (b) = > b;.

i=1
Show that « is a limit ordinal iff | o = a.
Show that 42 ~ p(A).
Show that ©(PA) ~¢*B A.
Show that “(A x B) ~ (YA) x (“B).
Show that if (a,), is Cauchy and lim a,, # 0 then (a,), is away from zero after a while.
Show that if (¢,,), and (¢,), are Cauchy then (¢, £ ¢,,), and (¢,.q,,), are also Cauchy.
Show that if (g,), and (¢},), are Cauchy, lim ¢/, # 0, then (¢,/d, ), is also Cauchy.
Show that (1 + )™ is a Cauchy sequence.
Show that every Cauchy sequence is bounded.
Show that every convergent sequence is Cauchy.

Show that every Cauchy sequence is convergent.

Let (gn)n be Cauchy. Assume that a subsequence of (g,), converges to [. Show that
(¢n)n converges to [.

Let C' be the ring of all Cauchy sequences over rational numbers. Show that the ring
of all sequences converging to zero is a maximal ideal of C.

Show that a monotone sequence can have at most one cluster point.

If (xy,), is bounded and has only one cluster point, then (z,), converges to that cluster
point.
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Show that for any € € Q>° there is an n € N such that 10”%1 <E.
Can you find a sequence with infinitely many cluster points?

Let > a, be a convergent series. Show that lima, = 0.

Let 0 <r < 1. Assume that a,4; < a,. Show that > a, converges.

Suppose that 0 < a,, and lim a’;—:l exists and < 1. Show that ) a,, converges.

Show that for any z € R, Y% is Cauchy. Define f(z) = Y 2. Show that f is
n=0 n=0
differentiable. Find its derivative.

Let z,, € Q% Assume that (22),, is Cauchy. Show that (x,), is Cauchy.

Let (z,), be a sequence such that for some r < 1, |x,.1 — ,| < |z, — 2,_1|. Show
that (z,), converges. Show that we cannot take r = 1.

Find a function from R to R such that it is continuous at one and only one point.

Find a function such that f is not continuous on any point on R but fof is continuous
everywhere.

Let f be a function such that f(x +y) = f(x) + f(y) . Prove that if f is continuous
at 0, then f is continuous on R.

Let f be a continuous function from (a,b) to (a,b) which is injective. Show that f is
monotone.

Let f and g be continuous functions such that f(x) = g(x) for all z € (a,b) N Q. Then
f(z) = g(zx) for all x € (a,b).

Prove that e* — 3z — sinz = 0 has a solution in (0, 1).
On w define afb iftf a > b. Show that 3 is not a well order.

On w X w define (a,b) < (z,y) iff a < z or (a = x and b < y). Show that this is a well
order.

Show that there is no strictly decreasing function from w into a well ordered set.

On w x w define (a,b) < (z,y) iff (2a +1).2¢ < (2x + 1).2°. Show that this is a total
order which is not a well order.

Let X be a set, let A C p(X), such that A has finite intersection property.
(a) Show that the set of filters containing A is closed under arbitrary intersection.
(b) Conclude that ”the filter generated by A” exists. Denote it by (A).

)

)

(c¢) Show that (A) = {a C X : Jay,...,a, € A such that (a; C a}.
i=1

(d) Show that there is an ultrafilter containing A.



